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Abstract 

We present a unified analysis of single excitation vector models in 3D. 
We show that there is a family of first order master actions related by 
duality transformations which interpolate between the different models. 
We use a Hamiltonian (2+1) analysis to show the equivalence of the self- 
dual and topologically massive models with a covariant non local model 
which propagates also a single massive excitation. It is shown how the 
non local terms appears naturally in the path integral framework. 
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1 Introduction 



Three dimensional vector and gravity models present the most simple set up 
where duality transformations allow an explicit equivalence of different systems. 
They also have intrinsic interest for the particular mechanism which generates 
the mass of the excitations by the incorporation of topological terms [TJ [5]. 
Both these facts have been present in the recent discussions of alternative higher 
order actions for three dimensional massive gravity [31 HI El E] which generalize 
the Fierz-Pauli theory and the parity sensible models. These models provide 
exceptions [7] to the standard association of higher order actions with ghost 
propagation generally expected inboth the bosonic [8] and the fermionic [9] cases. 
This should prompt interest to investigate the limitations of that otherwise very 
useful guiding principle as already proposed in Ref. [10] in a different context. 
The form in which the intermediate master actions appear in the analysis of 
vector and gravity models in 3-D suggests a mechanism for generating models 
with higher derivatives which may be unitary. In this paper we consider this 
possibility for the case of vector fields and construct with this goal, a hierarchy 
of master actions. We show that the mechanism which generates the higher 
order equations saturates in this case at the second order. Nevertheless instead 
of a third order unitary model, we find that a non local unitary model which 
describes a single massive excitation appears. This is interesting since non-local 
models, which were introduced early in quantum field theory |lllll2j and play an 
important role through the effective action in the functional approach [131 114] , 
have been found in recent years to be of importance in defining the dynamics 
of higher spin fields [15] . 

2 Vector models in 3-D 

Local, covariant unitary massive vector models in 3-D may describe either one 
or two excitations with definite parity. The usual Proca model (PM) with a 
Fierz-Pauli mass term whose action is 

i Jin 

I FP [A] =< --F^{A)F, V {A) - jA,A» > . (1) 

describes two parity sensible excitations. The self dual model (SDM)[TB] 

in ! 

Io[a}=<--a^ + -a^"d,a p > . (2) 

and the topologically massive model (TMM) [TJ [2] 

I™ [A] =< ^^d v A p e paT d°A T - l -A^d u A p > . (3) 

describe each a single excitation of definite parity. 

Locally, these last two models are canonically equivalent [17] , the SDM be- 
ing a gauge fixed representation of the gauge invariant TMM |T8l [19j [20J [21] . 
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The TMM and the SDM are also related by a duality transformation. This 
equivalence is most compactly encoded in the master action [17] which allows 
to connect them in a covariant way. It is given by 

777 i 

h[a,A] =< -yo/ + A^Pd v a p - -A^ v »d v A p > . (4) 

Taking variations with respect to A p one obtains the identity 

e^Pd v a p = e^Pd v A p , (5) 

which assures that the transverse parts of A p and a p are equal. Substitution 
in the master action leads to the self dual action Ii[a, A(a)] — Io[a p ]. This 
procedure may be justified using the gauge invariance of the action. On the 
other hand, the equation which results from taking variations with respect to 
a p establishes that a p is transverse. We should write it in the form 

a^(A) = -e^duAp , (6) 
m 

stressing its structure as a kind of change of variables. Note that for a = A 
this is the equation of motion of the SDM. Upon substitution in (U) the second 
order gauge invariant TMM action ^ is generated. Since both (|5|) and © 
involve time derivatives one may in principle wonder if this procedure guarantees 
canonical equivalence. In this case it is indeed true that the two models (J2]) and 
(|3| are canonically equivalent but, as we discuss below, a similar strategy may 
in other cases connect non-equivalent models. 

In order to search for higher order models or alternative formulations of the 
TMM and the SDM, one may use again the trick relating I\\a, A] with io[a, ] 
and introduce a second intermediate equivalent action given by, 

777 ! 

h [a, A,B]=<--a^ + a p e^d u A p ~ A p e^d u B p + -B^ vp d v B p > , (7) 

The equation of motion obtained by taking variations with respect to B relates 
A and B in the same form as (JS|) relates a and A in I\ . Thus taking into account 
the gauge invariance, l2[a,A, B] is also equivalent to I\[a 1 A\. If instead we use 
^ which is again the equation obtained by taking variations with respect to 
a M , we end up with 

% M [A,B] =< ^-e^d u A p e^ T d°A T - A^"d v B p + l -B^d v B p > . (8) 

By the discussion just presented, which will be complemented by the Hamilto- 
nian analysis of section (Q| this action is also equivalent to Itm ■ As discussed in 
Refs. 1 22, 23 the introduction of these new fields corresponds to a duality trans- 
formation done in the quantum mechanical generating functional. Although the 
different models are seen to be locally equivalent they are not equivalent on 
topologically non trivial manifolds |24) . In the path integral formulation this 
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is reflected in that the generating functionals of the models differ by a factor 
which is a power of the pure Chern Simons generating functional. We also note 
that an explicit Chern Simons term < — ^A^e^Pd^Ap > for the field A may be 
included in ([7]) or © without affecting the symmetries of the action. In fact it 
can be seen that this amounts to a shift of the fields and a redefinition of the 
mass. 

We can generalize this procedure and introduce a family of equivalent first 
order actions 

I N [A J ] =< -^4°U(°)^ + AWerP&AW - A^e^"d v A^ + 

••• + (-l) Ar ^4 JV) e^,Af)> , (9) 

with alternating signs for the coupling terms and N > 1, Je[0,N]. We can 
also construct a family of actions directly equivalent to I^ M through the same 
mechanism. 

I T N M \A J ] = <^^f w W( 1 ) I -AW e ^Af 

+ Af e^d v Af +■■■ + {-l) N ^Af h^ p d v A p N ^ > . (10) 

with N > 2, Je[l,iV]. Each of these families is generated by applying iterate 
duality transformations either to the SDM or the TMM. 



3 Models with higher derivatives 

The actions considered till now and others which appear in the discussion below 
are arranged in FigfT] Straight arrows connect physically equivalent actions and 
dashed arrows denote relations between actions when at least one of them is not 
unitary. To continue, we observe that in the same way that I\ leads to the second 
order topologically massive model I™ , the action I2 should generate a third 
order model I 3th . Substituting the equation of motion 

E^dvBp = - t ^Pd v e p(JT d a A T (11) 
m 

in Ij one obtains 

I^[A}=< -L e ^P dv e paP d a A? e^ T d°A T - J- e^"d v A p e^ T d"A T > . (12) 

The curved arrow in Figfl] between J and I 3th points out that they are also 
related by the covariant, but not canonical change of variables, a(A) defined 
by ([5]). Due to the higher order derivatives present in the actions none of these 
procedures allow to establish the canonical equivalence between the actions con- 
sidered and in fact I 3th and /J M are not equivalent (hence, the corresponding 
arrow in the graph above is dotted). The model defined by I 3th is not unitary 
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as was shown in [25] where the propagation of a massive transverse mode and a 
spurious massless ghost was demonstrated. Since the self dual action depends 
on the longitudinal part of a p perhaps it is not surprising that the change of 
variables which only define the transverse part of the field a does not gen- 
erate a unitary model. In section (JSJ we show, using the Hamiltonian analysis, 
that instead there exists a non local unitary model which is equivalent to I^ M 
and hence to I™ and Iq. 

The models related to 1% do not exhaust the set of master actions of potential 
interest. As already said, all the actions In defined by are equivalent to 7o- 
We now check if they generate other unitary equivalent actions. Consider then 
73 which renaming the fields takes the form, 

777 

I 3 [a, A, B, C] =< --a p a» + a^ lvp d v A p - A^ v "d u B p 

+B^ v Pd v c p - x -c^ Vf >d v c p > . (13) 




Figure 1: Vector models with a single excitation 

The action Ipp is obtained by unfolding the Maxwell term of I 3th with the 
aid of an auxiliary field, and reads, 

Ipp[a,A] = < ±a»a u - a^ a0 d a A^ (14) 

+ ^^ p d„e paP d a A^ paT d° .A T > 

The action If" 1 is obtained eliminating B in I^ M [A, B, C] using the equa- 
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tions of motion. It is given by 



ll th [A,C] = <-^-e^>>d v A p e^ T d°A T (15) 
2m 

-e^d u C p e paT d"A T - \c^?d v C p > . 
m 2 



Note that the coupling here is second order. By resolving C in terms of A using 
the equations of motion in (fl5l) one obtains / 3t/l 7 but no fourth order model may 
be generated from if" 1 m anv evident way. 

Instead, insisting in eliminate A covariantly one recovers I™ without of 
course establishing canonical equivalence. The Hamiltonian analysis of /| t/l 
which we discuss in the following section shows that it is equivalent to the 
ghost propagating I 3th . Generalizations of if*' 1 m the spirit of ([9]) and ITO)) arc 
straightforward to define and would appear related to In with N > 3, but no 
promising unitary models appear from such analysis. 

The action if" 1 ma y a ls° be obtained using the self-dual change of variables 
(JHJ) in the form (a — > a(A),A — > C) in I\[a, A]. Substituting the second field in 
the same action with a similar change of variables one obtains, 

Ip£[a,C] = <-^-a»a y + -e paT d°a T e pa pd a CP (16) 
2m m 

+ \^ p d v e pa ^d a C^ paT d a C T > . 

Tfl 

By eliminating covariantly a in this action one gets, after some rearrangements, 

I**[C\ = -L ( < -Le^d v C p ne paT d°C T - \c p U^Pd v C p >) . (17) 
m z \ Ira I J 

This fourth order gauge invariant action may also be generated using the 
self-dual change of variables A(C) in the topologically massive action([3]). The 
action ([TTf is simply the TMM with an interpolated D'Alembertian operator 
and propagates ghosts. Iterating the process we rise the order of the action by 
two each time and we can generate the actions 

I 2nth [B p ] = I < l-e>»»>d v B p n*- 1 e liar arH r - ^B^-^duBp > , 

(18) 

with n — 2,3,.. ..The TMM may be identified with the case n = 1 

4 Hamiltonian analysis 

Let us turn to the (2 + 1) analysis of the dynamics in the so called Hamiltonian 
variables [551 . For that consider the operators 

p = \J-didi, pi=^, (Ji = e^pj , (19) 



1 We use the metric r\ = diag{— 1, 1, 1}, e 012 = — eoi2 = 1, f- '-' = £ij, f-ijf-ik = Sj 
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which satisfy 

piPi = -1 = OiOi , e lJ ij J = -pi , p%Oi = , □ = -<9 <9 - p 2 , (20) 

and define transverse and longitudinal variables of a vector field A by [27l [28] , 

— > A Q , Ai = -OiA T - Pl A L , A T = (TiAi , A L = Pl Ai . (21) 

The transverse variable A T is gauge invariant. Define also the auxiliary gauge 
invariant variable 

F A =pA + d A L . (22) 
Using these variables the self dual action reduces to 

-Ma] = w— < aoao - a T a T - a L a L > - < a T F a > , (23) 
2m 

whereas the topologically massive model has the form pQ 

I tm [a]= 1 <a t (p)a t + FaFa> + <a t Fa> (24) 

Here we see clearly that both actions propagate only a massive mode and that it 
is the coupling of the transverse mode to the gauge invariant variable Fa what 
generates the mass of the systems. Although Fa includes a time derivative 
in its definition it may be verified, by looking at the equations generated by 
Aq and A L separately, that it can be used safely as a fundamental variable in 
this case. This occurs because the variations with respect to Aq generate a 
constraint and the variations with respect to A L generate the time derivative of 
this constraint. In some of the models with higher derivatives discussed below 
this does not happen. 

For the master action I±, one has 

I x U A] = — < a a - a T a T - a L a L > + < A T F A ~ A T F a - a T F A > , (25) 
2m 

which reduces directly to ([23]) or (|24|) when either one or the other of the fields 
is eliminated. The reduced form of ^[a, A, B] and /J M L4, B] are given by 

I2U1, A] = - — < aoao — a T a T — a L a L > 
2m 

+ < -A T F a - a T F A + A T F B + B T F A - B T F B > , (26) 

I™ [A, B} = ^-< A T {U)A T + F A F A > + < A T F B + B T F A - B T F B > . 

(27) 

Eliminating B T and F B from I2 [a, A, B] one recovers the form of Ii[a, A]. 
Alternatively substituting first the expressions for ao,a L and a T one gets the 
form (|27|) of /J M [A, B]. This completes the demonstration of the canonical 
equivalence of the unitary models considered until now. 
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There is an alternative approach which can be taken to analyze the dynami- 
cal content of I™ 4 [A, B] and is to eliminate B in (|27l) . Then, one arrives in one 
step to Restricting the functional space adequately in order to have the 

inverse operators well defined and eliminating A in the same action one obtains 
the new equivalent action 

I? M [A(B), B} = ~< B T B T + F B (±)F B >-< B T F B > , (28) 

which, in spite of being non local, should propagate a single massive excitation. 
This is enforced by the equation of motion for B T , 

B T 

m 2 — - B T = (29) 

which is obtained after eliminating Fb- Moreover, including a Chern Simons 
term for A in ([7]) or (J5J in the form mentioned in the previous section simply 
results in a shift m — > (to + j3) of the mass. In the next section we consider 
this action further . 

For the reduced action of I 3th (fT2|) which appeared in the covariant treatment 
the canonical analysis gives [25], 

I 3th [A] =-^-< A T UA T + F A F A >--< A T UF A > , (30) 
2m to 

which as mentioned in the previous section propagates a massive particle and a 
massless ghost. 

The action in Hamiltonian variables is given by 

lf h [A,C\ = -< -\A T nA T + \F A F A + A T nC T + F A F c -mC T F c > , (31) 
to 2 2 

which may be reduced to 

lf h [A,C] = -< -±A T OA T + A T DC T . - ^C T C T > , (32) 

This action is equivalent to (|30[) after a field redefinition and hence is not unitary. 
Finally for the ghost propagating I Ath we have the reduction 

j4th [B] = J_ < -B T {U 2 )B T + F B {U)F B > + < B T {U)F B > . (33) 
Zm z to 

5 The topologically massive non local model 

Due to the linearity of the reduction to the Hamiltonian variables, comparison 
of (|28[) and (|3H)) allows us to recognize that the non local covariant action 



I NL [B] = - X - <m( ^d v B p ^ aT d -^B T > 

~ < e^d,e pa ^B^^ T d^B T > (34) 
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when expressed in the Hamiltonian variables has also the decomposition (128"]) , 
(i.e I NL [B ,B T ,B L ] = l2 M [B ,B T ,B L }), and propagates a single massive 
excitation. For the second term in (jMf we note the following identity 

I CSNL [B,f3] EE ^<^" , d v € pa p^B^ VLar ff'B r > 

= | < B^ v Pd v B p >= -I CS [B, ft , (35) 

where in the second line we have the pure Chern-Simons action I NL may be 
deduced covariantly from (j5J) by first noting that the equation of motion 
implies 

e^d v A p = me^?^e paP d a BP (36) 

and then substituting this result in ([5} . In analogy with ([5]) this can be viewed 
as a higher derivative change of variables. 

Re- writing the first term in (|34p we could consider the slightly more general 
action 

lf L [B] = ^ <F ^(B)(^)F^(B)>+^<B^ T d^B-> (37) 

with F^ V {B) = d^B v — d u B p . This is written in the Hamiltonian variables as, 

I^[B T ,F B ] = -^<B T B T + F B (± 1 )F B >-(3<B T F B > . (38) 

and propagates a single particle with modified mass m//3. 

To grasp this result in a covariant way we note that (|3T|) is gauge invariant 
and may be rewritten in the form 

ljt L [B\=<~Bi*Bp + £B»e^ T d*H r >-j O^B^B" > . (39) 

This is the self-dual model of mass m/j3 plus a non-local term which vanishes 
in the gauge d^B^ = 0. 



6 The Fierz-Pauli non local model 

The natural generalization to the PM of the ideas worked in the previous sections 
is to apply the self dual change of variables ^ in ([!}. This leads to the third 
order action, 

jFPSD [B] 1 < F ■ iB)F ^ {B) > _ J_ < F (B)DF^(B) > (40) 
4 4m z 

which propagates a massless ghost together with the two massive modes. The 
remaining option is to explore the non-local alternatives. The structure observed 
so far suggests the following model, 

t fpnl [b] = _1 < F ^ B)F ^ {B) >+^< Filv {B){l)F^{B) > (41) 
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which has been discussed in connexion with Stueckelberg formalism [515]. The 
non-local Maxwell term may be viewed as a Fierz-Pauli mass term plus a non- 
local gauge fixing term. The Hamiltonian analysis establishes that this action 
may be written in the form 

I FPNL [B] = \< B T (D m 2 )B T > +1 < F B F B - m 2 F B {±)F B > , (42) 

which suggests the propagation of two massive modes with the same mass. To 
compare, the Hamiltonian decomposition of the Proca-Fierz-Pauli action after 
eliminating Aq takes the form 

I FP [B ] = l < A T {n-m 2 )A T >+^<A L {^-^)A L > . (43) 
2 2 p £ + m z 

The non local Maxwell term may be induced by a BF coupling with a mass- 
less auxiliary field in a way resembling the mechanism in 2D for the Schwinger 
model. In that case [29] the non-local Maxwell term of (|4Tj) which appears after 
integrating out the fermions, is expressed in terms of a local scalar field which 
propagates a massive excitation and the original field which does not propagate. 
Here we introduce a second vector field with a BF coupling to obtain the same 
behavior. In terms of the gauge fixed massless Maxwell action 

I M (C, k) =< ~F^(C)(F^(C) + -d^dvC" > (44) 

which in 3-D propagates a single degree of freedom, the model that we consider 
reads 

Icb = I M (C, k)+ < hj^Pd v B p > +I M (B, ft) . (45) 

This model propagates two massive modes of opposite helicity as can be shown 
by means of the Hamiltonian analysis or doing the decoupling change of variables 

b, = ^K + > C » = ^K- 4) • ( 46 ) 

For the analysis in the functional integral introduce the operators associated to 
the gauge fixed Maxwell action 



which satisfy 

D^ v (k)G^ k)p =8? , GM"(K)e pa Pd a Cp = e va ^C l) . (48) 
Then we have the identity, 

' X>CVBe' llM{c - K)+< ^ c ^" dl ' B ' >>+lM{B ^ )] 



J p(7'ps e -^ M (c^M+<T<- F ^(s)(^)- F ''' y ( s )>+ /M ( B ^)] , (49) 
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where C'^ — C^ — mG^" (n)e ua pd a . One of the vector fields is the physical 
field which couples to the sources and acquires its mass through the appearance 
of the non-local Maxwell term. The second field is an auxiliary field which does 
not couple to the sources and contributes a constant factor to the generating 
functional which in turn is absorbed in the normalization constant. 

Alternatively, the Fierz Pauli non local model emerges from the Stueckelberg 
model in any dimension 

1 m 2 1 1 

I s (A,t>) = -- < F^(A)F^(A) > -— < {A„ + -d^XA" + -0"*) > 

(50) 

by decoupling $ in the functional integral in the usual way. Again a factor 
corresponding to a uncoupled massless scalar field remains in the generating 
functional and is absorbed in the normalization constant. 

7 Discussion 

In this paper we presented a unified analysis of massive vector models in 3D 
in terms of a set of master actions related by duality transformations. Using 
the Hamiltonian (2 + 1) canonical variables the equivalence between the vari- 
ous models was checked explicitly. This allowed us to identify a new unitary 
non local vector model with a single massive excitation. The non-local action 
emerges as an improvement, suggested by the Hamiltonian analysis of a third 
order non unitary model which appears naturally in the covariant reduction of 
one of the first order actions generated by duality. Non-local gauge invariant 
actions in various dimensions have also been discussed in the literature in rela- 
tion with the Stueckelberg formalism (see [36] for a recent review). It is then of 
interest that in 3D complete canonical equivalence with a local model may be 
demonstrated using the Hamiltonian variables. 

The non local terms discussed also may be extracted by decoupling the fields 
in the path integral formalism as was illustrated with the non-local Fierz Pauli 
model and are related in this way to the Stueckelberg field [36 . It remains to 
be explored if interactions could be incorporated consistently to these models. 
It is not ruled out that the techniques used in this work when applied to an 
action with higher N in (j9|) or (fP0|) may generate also non local unitary models. 

Although the non local formulation may perhaps be only of limited value in 
an operatorial quantum mechanical description it should be useful in the path 
integral framework in connection with the dual representation of low dimensional 
systems. In particular the system defined by ([37]) may be also of interest in 
relation with bosonization of fermion fields in 3D [30 , 31, 32 , 33, 34 . In 3D the 
bosonized fermion current is identified with a Chern Simons topological current 

ED- 

fa»1> ~ e^PdnAp . (51) 

Both in the operatorial [30] and in the functional approaches J33]|34] the effective 
bosonized action is shown in general to be non local and it could be interesting 
to determine if there is some relation with the system at hand. 
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Some of the ideas presented here may be extended to the self-dual, second 
order [35] , topologically massive [I] and fourth order [3j [4] three dimensional 
massive gravity models which share a part of the structure of the vector models 
and also display duality relations. 
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A Chern Simons self duality 

We can get more insight about where the non-local terms come from by consider- 
ing the dual to the pure Chern Simons action. As mentioned in the introduction 
this is obtained from the gauge fixed Chern Simon action of the gauge field A 
by means of BF coupling with a new vector field B [35] , 

I^ f SD [A,B] = < -?-A tl e»»<'d v A p + ~d^d v A v 

- A^ v "d v B p + ^d^d v B v > (A.l) 

where the subscript gf is a remainder that a gauge fixed term has been include 
for each field. Introduce now, 

D Mu = ^p 8 Kd » d ^ G 1 (A.2) 
which satisfy in symbolic Heaviside notation 

DVG vp = 5jt , G vp e^d T B a =^-e vpX ^e^d T B a (A.3) 
and consider the vacuum amplitude 

Z CSD [0] = J VAVBe- 1 ^^ . (A.4) 

Then shifting A^ — > A^ + G iLV ( VT0 'd T B a in the generating functional after 
completing the square in the action one gets 

Z CSD [0] = J VAe-^f^ J DBe-W'Pti (A.5) 

where /3 = — i. This shows that the action J CSNL = —j cs [ n equation (|3"5|) is 
the dual to the pure Chern Simons model. The appearance of the apparently 
non-local term in Igf NL may be traced to the term —^uprjj in the covariant 
propagator. 
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